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In the current research, a three-dimensional finite element model was considered to predict the 

mechanical behavior of Single Wall (SWCNTs) and Multi Wall Carbon Nanotubes 

(MWCNTs). Assuming the nonlinear elastic behavior of C-C bond in large strains, 

hyperelastic models were considered. Literature review revealed that the material parameters 

of the hyperelastic models have been determined from the uniaxial tension loading, although 

the nonlinear elastic behavior is not identical in the tension and compressions. Thereby, the 

energy-stretch curve of C-C bond was determined from the second-generation Brenner 

potential in uniaxial tension and compression conditions. The results were fitted to the Ogden, 

Moony-Rivlin, and Yeoh hyperelastic strain energy functions to derive the material parameter 

of the mentioned models. The results indicated that the second order Ogden model could 

describe the tensile and compressive hyperelastic behavior of the C-C bonds accurately. The 

results of SWCNT bending showed that a unique response could be captured by considering 

the tension and compression simultaneously in deriving of the material parameters. From the 

results of SWCNT, the mechanical behavior of MWCNTs were predicted by assuming the 

Van der Waals bonds between the layers using the Lennard-Jones potential. Results of loading 

on the external layer of MWCNTs showed that an increase in the layers causes a decrease in 

the stress so that the stress-strain curves become identical beyond 8 layers. Accordingly, the 

material parameters of the first order Ogden model were determined for MWCNTs considering 

the simultaneous response in tension and compression.  
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1. Introduction 
 

Carbon nanotubes (CNTs) have been used in many 

applications including composite materials, due to their 

high stiffness, strength, and flexibility in addition to their 

low density [1]. As an example, the CNTs were used in 

production of carbon nanotube sponges by chemical 

vapor deposition method and some excellent properties 

like oil absorbent, low density, and large elastic 

deformation could be mentioned [2]. The oilphilic 

property of these materials has presented them as oil 

absorbent materials and the absorbed organic materials 
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could be removed by application of low amounts of 

pressure or burning of carbon nanotube sponges [3].  

During recent decades, some extensive empirical and 

computational studies have been carried out to clarify 

the mechanical properties of CNTs. However, due to the 

dispersed data resulting from the empirical findings 

which have been influenced by some factors including 

ambient conditions, tool precision, and defects of the 

CNTs structure, the experimental techniques are under 

constraints [4]. Thus, other methods were employed 

such as atomistic modeling, continuum model, and nano-
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scale continuum modeling. Atomistic modeling includes 

the molecular dynamic method, Monte Carlo technique, 

and Ab initio approximation where the molecular 

dynamic method has been widely used. However, in 

these methods the time and dimensions should be limited 

due to the high computational cost. By neglecting the 

atomic bonds, the continuum technique provides a 

potential for simulation in larger scales. But, as a result 

of neglecting the chirality and atomic structure, this 

method is also under criticism. However, the nano-scale 

continuum modeling technique that is implemented by 

Finite Element Method (FEM) provides possible 

simulation of CNT with spring, truss, and beam 

elements. In this method, various loading modes such as 

tension, compression, and shear are imposed on the C-C 

bond to obtain the mechanical behavior of a bond using 

chemical potential functions and arrangement of carbon 

atoms along each other in CNT [5]. 

Many researches have been so far implemented 

about the mechanical behavior of CNTs under various 

loading conditions. Tserpes et al. [6] determined the 

effect of the CNT diameter on the Young modulus of 

SWCNT, assuming relation between the molecular and 

structural mechanics. They found that the Young 

modulus of SWCNT may remain fixed despite an 

increase in the diameter. Xiao et al. [7] used the 

molecular dynamic method and the second-generation 

Brenner potential [8] to obtain the mechanical behavior 

of (10, 10) SWCNT and they found that the stress-strain 

response becomes nonlinear in large strains. Wen Xing 

et al. [9] obtained similar result to Xiao et al. [7] and they 

mentioned that the chirality has no effect on the Young 

modulus of SWCNTs. Dilrukshi et al. [10] explored the 

mechanical behavior of armchair and zigzag SWCNTs 

and they found the influence of potential field is much 

higher in the torsional behavior. Liang et al. [11] used 

the semi-moment theory and molecular dynamics 

simulations to describe the bending behavior of 

SWCNTs. Their results showed that the zigzag 

SWCNTs with length-to-diameter ratio of 2.35∼14.11 

and the armchair SWCNTs with length-to-diameter ratio 

of 2.41∼12.39 represent similar behavior. Ling et al. [12, 

13] compared the energy-strain curve of (10, 10) 

SWCNT with the results given by Xiao et al. [7] and they 

found that CNTs represent the hyperelastic behavior and 

their behavior may not be obtained accurately by linear 

equations. Likewise, Flores et al. [14] derived the 

material parameters of the first order Ogden model [15]  

to describe the CNTs buckling using the relationship 

among the molecular and structural mechanics. Flores et 

al. [16] obtained the energy-stretch curve for the C-C 

bond using the Tersoff-Brenner potential [17] in the 

Material Studio software and concluded that bond 

breaking occurs at the strain level of 0.33. Afterwards, 

in regards to the nonlinearity of the resulting curve and 

adjusting it to the first order Ogden model, they studied 

the nonlinear behavior of the armchair SWCNTs under 

tensile loading. They found two distinct sets of the 

material parameters for tension and compression. 

However, Darijani and Naghdabadi [18] and 

Hosseinzadeh et al. [19] mentioned that the material 

parameters of the hyperelastic models should be 

obtained from coupling of different basic loading modes. 

Kalamkarov et al. [20] calculated the Young and shear 

modulus of SWCNTs, armchair, and zigzag MWCNTs 

using the second-generation Brenner potential [8] for the 

C-C bond behavior and the Lennard-Jones potential [21] 

was utilized for the spring elements to connect the CNT 

layers. They mentioned that an increase in diameter may 

not lead to increase of the Young modulus of CNTs. 

Also, similar to Kalamkarov et al. [20], Li et al. [22] 

studied the mechanical behavior of CNTs and found that 

chirality had no impact on the Young modulus of 

MWCNTs and it could be increased by adding layers. 

Liew et al. [23] used the molecular dynamic technique 

and the second-generation Brenner potential [8], to 

mention that the Young modulus was decreased by 

increase of layers. Tu et al. [24] assumed that the total 

energy could be considered as sum of the bonding and 

nonbonding energies and derived the Young modulus for 
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MWCNTs based on the Young modulus of SWCNTs. 

They proved that Young modulus decreases by increase 

of walls but if the wall exceeds 100, the Young modulus 

remains fixed.  Mohammadpour et al. [25, 26] used the 

Morse potential [27] and the spring elements to connect 

the layers and they found that the Young modulus 

increases by number of layers in single, double, and 

three walled CNTs.  

In the present research, to simulate the mechanical 

behavior of SWCNT and MWCNT the energy-stretch 

curve of a C-C bond was computed in the tension and 

compression by means of the second-generation Brenner 

potential [8]. The material parameters of the C-C bond 

were obtained by simultaneous fitting of the tension-

compression results to the Ogden [15], Moony-Rivlin 

[28], and Yeoh [29] hyperelastic models. The best model 

was selected according to the fit quality and the material 

stability of the basic loading modes. Based on the 

selected hyperelastic model, the SWCNT was simulated 

in ABAQUS. Finally, the mechanical behavior of 

MWCNTs was predicted using the hyperelastic model 

and the spring elements as a tool for connecting the 

walls. The spring stiffness was determined from the 

second derivative of the Lennard-Jones potential [21].  

 

2. Simulation of SWCNT and MWCNT            

 

The SWCNTs and MWCNTs were created by 

cylindrical arrangement of the graphene plate from the 

hexagonal structures with covalent bonds. The main 

characteristic of these covalent bonds are length and 

bond angle that are considered as 1.42 Å and 120°, 

respectively. Using the geometric similarity of CNTs to 

the space-frame structure in nano-scale continuum 

model, the covalent bond is considered as the beam 

element with the diameter of 1.47 Å [25, 26]. The 

structure of SWCNT was assumed as similar to that of 

Fig. 1 in simulations [25, 26] and the geometry of 

MWCNTs (without Van der Waals bonds) could be seen 

in Fig. 2.  

 

Fig. 1. Hexagonal structure of a typical SWCNT [25, 26]. 

 

 
Fig. 2. Front view of three wall CNT. 

 

In order to use the spring element between different 

layers, the Lennard-Jones potential function [21] was 

employed:  
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in which ε and σ denote the Lennard-Jones parameters 

[21] and are considered as 0.002310 eV and 3.4 Å  

respectively. The equivalent spring stiffness ( ( )ijK r ) 

can be extracted by the second derivative of Eq. (1) as: 

 

 
7 13

LJ

24 2
ij

ij

ij ij ij

dE
F r

dr r r

 




    
              

 

 

(2)) 

8 14

2
( ) ( ) / ( ) 24 7 26ij ij ij

ij ij

K r dF r dr
r r





 
    
               

                   

 

here  ijF r , ( )ijK r , and ijr  denote the Lennard-Jones 

force, spring stiffness, and the distance between two 

atoms i and j [21]. The variation of spring stiffness with 

(3) 
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respect to the interatomic distance was presented in Fig. 

3. As it could be seen, when the distance between two 

atoms is greater than 4 Å, the spring stiffness approaches 

zero. Thereby, in the current research, spring element 

was created between the nodes with a distance greater 

than 3.3 Å and smaller than 4 Å. In Fig. 4, the cross 

section of the five walled CNT with spring elements that 

connected different walls of MWCNTs, is observed. 

 

 

Fig. 3. Variation of the stiffness of structural spring with 

interatomic distance. 

 

 
Fig. 4. Five walls CNT with spring element. 

 

It is important to use an appropriate potential 

function that is able to describe the C-C covalent bonds 

in CNTs. The second-generation Brenner potential [8], 

which can describe formation and breaking of bonds, 

was employed as: 
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where  R ijV  and  A ijV  denote the attraction and 

repulsion potentials, respectively. Also, Bij denotes the 

bond order that with respect to position of neighbor 

atoms, amplifies or weakens the attraction force versus 

repulsion force. The cut-off radius function, that is one 

for the closest neighbor atoms and is zero for the 

secondary neighbor atoms, could be mentioned as [8]:  
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where 
(1)

ijR and 
(2)

ijR  are 1.7 and 2 Å, respectively 

[8]. The following attraction and repulsion potentials 

were used [8]: 
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where parameters D(e), S, and β were obtained from 

references [8]. R(e) shows the length of the equilibrium 

bond between two carbon atoms and is equal to 1.42 Å 

[8]. Inspecting Eqs. 4 to 7 reveals it is possible to find 

variation of the energy versus the bond length ( ijr ). This 

change in bond length in this research is considered to 

be caused due to the deformation.   

 
3. Hyperelastic Models  

 

In the current research the Ogden [15], Mooney-

Rivlin [28], and Yeoh [29] models were considered to 

describe the mechanical behavior of the C-C bond at 

large strains. For the sake of reference to these equations, 

they were defined in Eqs. (8) to (10), respectively: 
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In these equations, i  and iC denote the material 

parameters and N is number of parameters, I1 and I2 are 

the first and second invariants of the right Cauchy-Green 

deformation tensor, λ1, λ2 and λ3 are the principal 

stretches. If the uniaxial deformation mode is considered 
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Thereby, the Young modulus of the CNTs could be 

calculated when the hyperelastic material parameters 

were determined.  

 

4. Hyperelastic Material Parameters  
 

Although materials possess different stress-strain (or 

stretch) curves under different loading conditions, they 

have the same energy-strain function under all loading 

modes [19] and thereby we found the hyperelastic 

material parameters by energy-stretch curve. In general, 

the nonlinear optimization techniques should be adapted 

for the material parameters definition [30]. Here, the 

following error was defined that should be minimized 

[19].  
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where dataW , modelW , and 2L  denote the energy of the 

second-generation Brenner potential, the hyperelastic 

strain energy function, and the Euclidian norm [19]. In 

order to determine dataW  a unit cell that shows the 

behavior of a C-C bond, its neighbors in the hexagonal 

structure of graphene was considered (Fig. 5). Then, it 

was subjected to tension and compression and the 

energy-stretch curve was determined from the second-

generation Brenner potential (REBO) [8] in the 

compression and tension. The energy-stretch curve of 

the unit cell and the results of Flores et al. [16] that 

extracted from the Material Studio software could be 

seen in Fig. 6. As illustrated, the results of the current 

implementation of REBO model is in agreement with the 

results of commercial software of Material Studio. The 

energy data of Fig. 6 was considered as dataW  in Eq. 

(12).  

 
Fig. 5. C-C bond unit cell under:  a) compression and b) 

tension [16]. 

 

 

 

Fig. 6. Comparison of second-generation Brenner potential 

curve with results of Flores et al. [9]. 

 

Fitting the uniaxial energy of the unit cell (Fig. 6) to 

the hyperelastic strain energy functions provides the 

material parameters of each model. To this end, the error 

defined by Eq. (12) was minimized in MATLAB 

software by using the Fminimax function.  

(a) (b) 
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5. Tension of SWCNT  
 

In the present study, for the purpose of comparing 

our predictions to the results obtained by Flores et al 

[16], the SWCNT with chirality of (7, 7) with 574 nodes 

and 847 elements was considered. The same boundary 

conditions as Flores et al. [9] were imposed to the ends 

of CNT, as seen in Fig. 7. In order to consider the 

transverse deformation, the Timoshenko beam was 

employed and hybrid element was utilized due to the 

incompressible nature of bonds (material 

incompressibility). The length of C-C bond and 

equivalent bond diameter were assumed as 0.142 nm and 

0.147 nm, respectively [8, 17]. 
 

6. Results and Discussion  

6.1. Results of tensile loadings on SWCNT  
 

As previously mentioned, the tension and 

compression response of the nonlinear elastic materials 

may be different and for the C-C bond it is evident in 

Fig. 6. Hence, in the present study we consider both 

tension and compression to determine the material 

parameters. The material parameters and the fitting error 

(according to Eq. 12) of the studied hyperelastic models 

could be seen in table 1.  

The results of the curve fitting of the Yeoh, Moony-

Rivlin, first and second order Ogden models to the 

second-generation Brenner potential, as well as the 

predicted stress-strain curves for the mentioned models 

could be seen in Fig. 8.  

As shown in Fig. 8(a) the fitting quality is not 

reasonable for the Yeoh model although from Fig. 8(b) 

the stable material behavior could be seen in all basic 

deformation modes including the uniaxial (tension and 

compression), balanced biaxial tension, and shear. From 

Fig. 8(d), the Moony-Rivlin model represents the 

material instability in tension and thereby it could not be 

used for the investigation of the mechanical behavior of 

CNTs while a better fitting could be seen in Fig. 8(c) 

than Fig. 8(a). Based on Figs. 8(e) and 8(f), it is observed 

that the first order Ogden model represents both of the 

material stability and reasonable fit. However, in order 

to increase the fitting quality, the second order Ogden 

model was also used and from Fig. 8(g) both the best 

fitting quality as well as the material stable behavior 

could be seen (Fig. 8(h)). 

 

 

Fig. 7. Tensile boundary conditions on SWCNT. 

 

Table 1. Material parameters of hyperelastic models for C-C bond 

Model Error (%) C1(GPa) C2(GPa) C3(GPa) α1 α2 

Yeoh 18 844.47 1845.1 400.07 - - 

Moony-Rivlin 1.2 -1837.5 3230.4 - - - 

First order Ogden 0.22 2147.7 - - -6.8983 - 

Second order Ogden 0.12 1786.5 154.95 - -7.9521 9.5711 
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Fig. 8. Comparison of the second-generation Brenner potential [8] and, (a, c, e, g) different hyperelastic models and (b, d, f, h) 

stress-strain response of hyperelastic models. 

 

(a) (b) 

(c) (d) 

(e) (f) 
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Fig. 8. Continue. 
 

 

It is worth to mention that Flores et al. [16] 

introduced two sets of material parameters where one 

which was derived from the tension part of Fig. 6 and 

another from the compression part of this figure (table 

2); with an expectation of unique material parameters. 

We simulated the tension behavior of SWCNT (7, 7) 

with these two sets of material parameters and the results 

could be seen in Fig. 9. 
 

Table 2. Material parameters (constants) of the first order 
Ogden model from Flores et al. [16] 

   
( )C GPa

 

Tensile part of Fig. 6 -14 2332.36 

Compression part of Fig. 6 -10 1166.18 

 

 

It could be seen from Fig. 9 that by taking into 

consideration two sets of material parameters, a unique 

response in tension could not be achieved and the 

difference between the results increases by increasing 

deformation. Therefore, although the results of tension 

loading, according to the material parameters from 

tension part of Fig. 6, is acceptable but for more 

complicated loadings like buckling and bending it is not 

clear which set of material parameters should be used. 

Meanwhile, as it was seen in the current research, a 

unique set of material parameters was derived by 

simultaneously considering both of the tension and 

compression. Accordingly, the CNT of Fig. 7 was 

simulated and the results of reaction force for the Yeoh 

and second order Ogden models could be seen in Fig. 10. 

As illustrated, the second order Ogden model represents 

a good agreement with the results of Flores et al. [9]; 

despite the fact that their results were provided by the 

material parameters from the tensile part of Fig. 6 and 

our material parameters consider both loading modes. 

From Figs. 8(g) and 10 it could be concluded that the 

second order Ogden model not only describes the CNT 

mechanical behavior but it could also be used as the 

material property of the C-C bond.  

 

 

Fig. 9. Tension behavior of SWCNT (7, 7) with material 

parameters of reference [9]. 

 

(g) (h) 
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Fig. 10. Tension loading from simultanous tension-

compression parameters, (a) Yeoh and (b) second order 

Ogden models. 

 

From Fig. 6 the breaking (fracture) strain of C-C 

bond in tension could be estimated as 0.33 [9] where a 

maximum in the curve could be seen. From the strain 

contour of the deformed SWCNT in Fig. 11 the elements 

with the strain 0.33 were indicated where the failure of 

SWCNT starts from these points and leads to non-

uniform and irreversible deformation. 

In the buckling and bending of CNTs, some parts of 

structure is under tension while others are under 

compression. Accordingly, the transverse bending of 

(20, 0) SWCNT with length of 10 nm was simulated by 

the material parameters of table 2 (Liang et al. [11]) and 

the second order Ogden model presented in table 1 

(current research). To this end, the CNT was subjected 

to transverse bending (Fig. 12) and the resultant 

maximum normal stress versus deflection was presented 

in Fig. 13.  

 

 

 

Fig. 11. Deformed contour of SWCNT in tension. 

 

In the buckling and bending of CNTs, some parts of 

structure is under tension while others are under 

compression. Accordingly, the transverse bending of 

(20, 0) SWCNT with length of 10 nm was simulated by 

the material parameters of table 2 (Liang et al. [11]) and 

the second order Ogden model presented in table 1 

(current research). To this end, the CNT was subjected 

to transverse bending (Fig. 12) and the resultant 

maximum normal stress versus deflection was presented 

in Fig. 13.  

 

 

Fig. 12. Applied boundary condition of bending loading on 

SWCNT. 

(a) 

(b) 
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Figure 13 indicates that each set of the material 

parameters predicts different behavior. Taking into 

account that in bending one side of CNT is subjected to 

the tension and the other side is under compression, the 

use of the material parameters that derived from the 

tension or compression alone could not accurately 

predict the CNT mechanical behavior. Also, as it could 

be seen from Fig. 13, a good agreement between the 

results of the current research and MD simulation by 

Liang et al. on the same SWCNT could be achieved [11]. 

The slight difference may be due to the REBO and 

AIREBO potential functions which in the current and 

Liang et al. [11] research have been used, respectively. 

Fig. 14 exhibits the axial strain contour of the CNT in 

bending and the presence of tension (positive) and 

compression (negative) could be easily observed.   

 

 

 
 

Fig. 13. Bending behavior of SWCNT with different tension 

and compression constants of Flores et al. and from current 

research. 
 

 
6.2. Tension of MWCNTs  

 

To predict the mechanical behavior of MWCNTs, 

different chirality was considered (table 3). Spring 

elements were used to connect the walls, as shown in 

Fig. 4. 

 

 

Fig. 14. Deformed SWCNT under bending. 

 
 

Table 3. Characterization of MWCNTs in current research 

CNTs Chirality of walls 

SWCNT (5,0) 

Double wall (5,0), (14,0) 

Triple wall (5,0), (14,0), (23,0) 

Quadruple wall (5,0), (14,0), (23,0), (32,0) 

Quintuple wall (5,0), (14,0), (23,0), (32,0), (41,0) 

Sextuple wall (5,0), (14,0), (23,0), (32,0), (41,0), (50,0) 

Septuple wall 
(5,0), (14,0), (23,0), (32,0), (41,0), 

(50,0), (59,0) 

Octuple wall 
(5,0), (14,0), (23,0), (32,0), (41,0), 

(50,0), (59,0), (68,0) 

 

To implement boundary conditions similar to Fig. 

15, the degrees of freedom of all walls were constrained 

at one end and only the most external wall of the other 

side was subjected to the loading as the outmost layer of 

MWCNT is touched by the atomic force microscope 

(AFM) and the other layers slip by the well-known 

telescopic mechanism [31]. 

 

 
Fig. 15. Different views of applied boundary conditions for 

tension loading on quadruple (four) walls CNT. 
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Fig. 15. Continue. 

 

The reaction force, due to the imposed displacement, 

was computed at the loading edge and Eq. (13) was 

employed to compute the stress [22].  

 

F
S

A
  (13) 

 

here F and A denote the reaction force and surface area 

of CNT. The surface area of cross section of SWCNTs 

and MWCNTs could be calculated, respectively, by the 

following equations [22]:  

 

 
2 2

A π  
2 2

SWCNT NT NT

t t
R R

    
      

    




 

 

(14) 

   
2 2

,  , A π  MWCNT NT out NT inR t R t    
  

 (15) 

 
where RNT denotes the radius of SWCNT, , NT inR  and 

, NT outR  are the internal and external radii of MWCNT, 

respectively. In the above equations, t expresses the 

thickness and it is equal to the space between graphite 

sheets (3.4 Å). The cross section of the various types of 

CNTs could be seen in Fig. 16 from the atomistic and 

continuum viewpoints [20]. The predicted reaction 

force-strain and stress-strain curves were shown for the 

assumed CNTs of table 3 in Fig. 17, in tension and 

compression.  

 
 

 
----------    Boundary of continuum tubes  

      Molecular model of CNTs 

Fig. 16. cross section of CNTs and their continuum tube 

models, (a) SWCNT and (b) MWCNTs [20]. 

 

Figure 17 indicates that by increasing the walls leads 

to a raise in the reaction forces; this is due to the increase 

of the C-C bonds. However, Fig. 17 (b) represents the 

stress reduction caused by increasing the walls because 

a rise in the diameter causes an increase in the surface 

area and therefore, leading to stress reduction according 

to Eq. (13). Moreover, the weak Van der Waals bonds 

between the layers lead to difficult transfer of the 

imposed load on the external layer to the internal layers 

and the they slip over each other without noticeable 

deformation (telescopic mechanism).  
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Fig. 17. Loading of MWCNTs, (a) reaction force-strain and 

(b) stress-strain. 

 

As it was mentioned, the material parameters of table 

1 presented for the C-C bond that constructs an element 

of CNTs. Fig. 17 depicts the nonlinear behavior of 

MWCNTs. Here, for the first time, the material 

parameters of the hyperelastic response of MWCNTs 

were determined. To achieve this goal, the stress-strain 

of each MWCNT in Fig. 17 (considering the tension and 

compression simultaneously) was fitted to the first order 

Ogden hyperelastic model and the computed material 

parameters could be observed in table 4. From Eq. (11), 

the Young modulus of the MWCNTs was determined 

and the results, as a function of layer numbers, could be 

seen in Fig. 18.  

 

Table 4. Material parameters of the first order Ogden model 

of MWCNT.   

CNTs 1
( )C TPa  

1
  

SWCNT 0.224 4.66 

Double wall 0.167 4.79 

Triple wall 0.120 5.12 

Quadruple wall 0.097 5.17 

Quintuple wall 0.081 5.19 

Sextuple wall 0.070 5.18 

Septuple wall 0.060 5.29 

Octuple wall 0.054 5.23 

 

 
Fig. 18. Variation of the Young modulus with the number of 

MWCNT layers. 

 

Figure 18 shows the Young modulus decreases with 

an increase in layer numbers and the trend of the current 

research is consistent with the results of molecular 

dynamic by Liew et al. [23] and linear elasticity by Tu et 

al. [24]. This is noteworthy given that it could be seen in 

Fig. 18 that the Young modulus of MWCNT is smaller 

than the Young modulus of SWCNT when the load is 

imposed on the external layer of CNT. One of the 

reasons for these differences between our results with 

Liew et al. [23] is the distance between layers (distance 

between layers is equal to thickness of layers). In the 
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research of the Liew et al. [23], distance between layers 

raises by increasing them (3.35 and 13.4 Å for SWCNT 

and four wall CNTs respectively). Therefore, increasing 

thickness, according to Eq. (15), leads to an increase in 

the cross-section area and, according to Eq. (13), a 

decrease in the stress. But, in the current research, the 

thickness was assumed to be fixed for all CNTs [16, 25, 

26]. Moreover, in the research of Tu et al. [24], Young's 

modulus of MWCNTs (
mY ) was obtained in terms of 

the Young's modulus of the SWCNT (Y ) based on the 

following simplified analytical equation. 

 

1
m

N h
Y Y

h dN
d


 

                (16) 

 

here, N, h, and d denote the number of layers, effective 

wall thickness (0.75 Å) and distance between layers (3.4 

Å). But, in our research, the Young modulus was 

obtained according to the simulation of MWCNTs which 

is more realistic. It is worth noting that in our research, 

similar to Mohammadpour et al. [25, 26] and Flores et 

al. [16], the distance between the layers and the thickness 

of the layers were assumed to be 3.4 Å. 

Mohammadpour et al. [25, 26] simulated MWCNTs 

where all layers were subjected to the tensile loading. 

We simulated the same MWCNTs and the tensile load 

was applied on all layers of MWCNT. Then the Young’s 

modulus of simulated MWCNTs was determined (see 

table 5). 

 
Table 5. Comparison of the Young’s modulus of MWCNTs 

with the results of Mohammadpour et al. 

 Young’s modulus ( )TPa  

MWCNTs Current 

research  

Mohammadpour et al. 

[25, 26]  

(5,0), (14,0)  0.675 0.9512 

(5,0), (14,0), (23,0)  1.483 0.9724 

  

From table 5 it could be concluded that when the load 

is applied to all layers, the Young modulus raises by 

increasing the layers because of the contribution of the 

total number of SWCNT layers that constitute the 

MWCNTs. However, difference between the results of 

the two studies could be related to the second-generation 

Brenner potential of the current research while the 

Morse potential function [27] has been used by 

Mohammadpour et al. [25, 26] and it is consistent with 

the second-generation Brenner potential up to a strain of 

0.01. Additionally, in the research of Mohammadpour et 

al. [25, 26], the linear elasticity has been used while 

according to Fig. 17 the nonlinear elasticity was 

considered in the current study. It noteworthy that in real 

experiments of CNTs only the external layer is touched 

by the loading tip of the atomic force microscopy and 

thereby we considered this fact in our simulations.   

 

7. Conclusions 

 

The material parameters of Ogden [32], Moony-

Rivlin [31], and Yeoh [27] hyperelastic models were 

derived in order to fit the tension and compression of the 

C-C bond in a unit cell. These constants were used to 

predict the mechanical behavior of armchair SWCNT in 

tension. The results of simulations indicated that the 

second order Ogden model could describe the 

hyperelastic behavior of CNTs for the tension and 

compression loading modes. In addition, the strain 

contours of the SWCNT simulation determined the 

failure location when the bond (element) reaches the 

critical strain of C-C bond. Considering hyperelastic 

material parameters of C-C bond, the MWCNTs were 

simulated by connecting layers with spring elements that 

have their stiffness derived from the Lennard-Jones 

potential and the loading was imposed to the external 

layer. Results showed that stress-strain curves approach 

each other with an increase in layer numbers. By fitting 

the predicted stress-strain curves of MWCNTs, the 

material parameters of the first order Ogden hyperelastic 

model were obtained. Finally, the Young modulus of 

MWCNTs was determined and it was observed that it 

decreases when there is an increase in the layers because 

of how internal layers slip on each other (telescopic 

mechanism).  
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و ه جدارتک  یکربن یهانانولوله کیلاستراپیها یکیرفتار مکان یبررس یبرا یساختار کیمکان کردیرو

 چند جداره
 

 کیوان نارویی و معصومه رشیدی

 .دانشکده مهندسی مواد و مواد، دانشگاه صنعتی خواجه نصیر الدین طوسی، تهران، ایران

 

  

 چکیــده  

ی حدود سه بعدمدل المان م های کربنی تک جداره و چند جداره از یکفتار هایپرالاستیک نانولولهبه منظور پیشگویی ر حاضر قیتحقدر 

مقالات  یدرنظر گرفته شدند. بررس کیلاستراپیها یهامدلای بزرگ، هکربن در کرنش -پیوند کربن یرخطیغ کیرفتار الاستاستفاده شد. با فرض 

کشش تک  یذاربارگ در کیلاستاپریها هایمدل مادی یپارامترها ، اماستین کسانیش و فشار کش در یرخطیغ الاستیکرفتار اگرچه نشان داد 

تک  و فشار کشش طینسل دوم در شرابرنر  لیپتانس ا استفاده ازب کربن -پیوند کربن کشش -یانرژ ی، منحنبیترت نیبد .شده است نییمحوره تع

وه جهت بدست آوردن پارامترهای مادی رایولین و ی -کرنش هایپرالاستیک آگدن، مونیهای انرژی تعیین شد. نتایج بدست آمده با تابع همحور

 قیور دقرا به ط کربن -کربن یوندهایپ راتواند رفتار کشش و فشیگدن مرتبه دوم مآنشان داد که مدل  جینتاهای مذکور انطباق داده شد. مدل

، به طور همزمان ارکشش و فشهای پارامترهای مادی حاصل از دادهدر نظر گرفتن  نشان داد که با نانولوله تک جداره شخم جینتا کند. فیتوص

 جادیا یوندهای واندروالسپ با فرضهای چند جداره نانولوله یکی، رفتار مکانهای تک جدارهیکتا دست یافت. از نتایج نانولولهپاسخ  کبه یتوان یم

های چند نانولوله یخارج هیلا یرو یبارگذار جیتاشد. ن ینیب شیپ ،جونز-لنارد لیاز پتانسبا استفاده  های چند جدارهنانولوله یهاهیلا نیب شده

اساس،  نیشود. بر ایم کسانی هیلا 8رنش فراتر از ک-تنش یمنحنای که به گونهشود یها باعث کاهش تنش مهیلا شینشان داد که افزا جداره

 شد. نییتع های چند جدارهنانولوله یر برااپاسخ همزمان کشش و فشا درنظر گرفتن مرتبه اول بگدن آ مدل یماد یپارامترها

 

 نانولوله کربنی تک جداره، چند جداره، هایپرالاستیک، پتانسیل برنر، پتانسیل لنارد جونزهای کلیدی: واژه

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


