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Abstract: In this research, the stress-strain curve of porous Titanium, as a common material for 

biomedical application, was predicted using the mechanical properties of fully solid Titanium 

experimental data. Modified Gurson model (Gurson-Tvergaard-Needleman (GTN) model) was 

used to predict the plastic response of porous Titanium in compaction. Different values of GTN 

parameters were used for different initial porosity. It was recognized that volume constancy 

assumption during plastic deformation of porous media cannot be satisfied due to both of changes 

in porosity and hydrostatic stress contribution on yielding. It was found that consideration of 

porosity variation is necessary during deformation for accurate modeling. Also, porous samples 

represented the same lateral expansion under less axial displacement relative to fully solid sample 

regarding the GTN model. The stress distribution of porous samples was different from solid 

sample considering the GTN model and this was predicted different shear banding. Evolution of 

porosity during deformation leads to linear like stress response in the plastic deformation regime.           

 

Keywords: Modified Gurson model (GTN), Porous Titanium, Finite element method, Plastic deformation, 
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1. Introduction 

In recent years, metallic materials have been used in artificial organic parts. Gibson and Ryan et al 

presented advantages of metallic implants due to their high strength and well toughness in comparison 

with polymeric, ceramic, and glass based materials [1, 2]. Dynamic deformation of metal foils using 

micro-blast waves for medical application was investigated by Nagaraja et al [3]. Materials for biomedical 

utilization must have appropriate compatibility with the living media. For example, human body as a 

corrosive environment can destruct corrosion sensitive materials.  Moreover, mechanical characteristics 

have a critical effect on the efficiency of biomaterials.        

Mechanical mismatch between organic and artificial manufactured parts of body can lead to failure of 

biomedical parts. It is known that the efficiency of some replaced organic parts such as dental implants 

depends on the stress distribution of the surrounding bone [4]. Stress shielding is a known result of 

difference between stiffness of organs and implants. In past, compatible coats with stiffness like to bone 

were used to bypass difficulties of mismatch between bone and implant [5, 6] however, coating alone 

could not solve such problems. Another way to solve the problem of mismatch between bone and implant 

is the presence of porosity in the structure of materials. In fact, martials with high levels of strength can be 

matched with mechanical properties of organic parts by means of porosity control. Facilitation of cells 

proliferation, promotion of vascularization, and making compatibility between different parts have been 

investigated taking into account porous implants [7].  

Identifying the mechanical properties of porous materials is necessary to simulate the deformation of 

these martials. Sintered iron powder was investigated by Schneider and Yuan under fatigue test with 
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different material porosities [8]. It was found that a model contains nonlinear kinematic and isotropic 

hardenings can take into account the effect of cyclic loading on the material fracture [8]. Kovacik 

investigated the correlation between Young’s modulus and porosity in sintered iron, porous alumina, 

sintered glass and Titanium alumide [9]. Upper-bound approach was introduced by Tirosh and Iddan to 

estimate the required load for the forming of porous materials [10]. They found the porosity can affect the 

forming load depending on the hydrostatic stress. 

A well-known material, which is widely used for biomedical applications, is porous Titanium. Some 

research pointed out that porous Titanium can be used as biomaterial because of good corrosion resistance, 

high strength, and low density [11, 12]. Open pores Titanium was investigated by Imwinkelried and it was 

shown that foams have stiffness and yield strength between cancellous and cortical bone [13]. 

Deformation behavior of intermediate porosity interconnected Titanium foams was studied by Singh et al 

[14]. Porous Titanium foams contain macro pores formed by the space holder and the micro pores formed 

by incomplete sinter were modeled by Wenjuan et al [15]. The micro scale model confirmed the 

experimental data.         

Finite element as a strong method to anticipate the behavior of porous materials is widely used in 

recent years. The effect of diameter variation of cellular lattice structures on elastic modulus was 

investigated by Ravari et al using beam and solid elements [16]. Sinter powder compaction under different 

frictional condition during forging process was studied by Huang and Cheng [17]. Effect of hydrostatic 

pressure on the densification of porous iron containing 0.3-11% porosity was studied by Biner and Spitzig 

[18]. Some of these works used Gurson model to simulate compression of different porous martials.   

Gurson model has been widely used to predict the plastic deformation of porous materials due to 

contribution of porosity as a parameter of yield function. In fact, Gurson model can be seen as a 

modification of von Mises criterion, which consider the effect of porosity in the body. Therefore, this 

model can be used conveniently for numerical studies. Tvergaard and Needleman modified the Gurson 

model by adding some parameters for better correlation with experimental studies and called the new 

criterion GTN [19, 20]. Becker et al recommended more precise values for these parameters [21]. Abbasi 

et al represented an inverse procedure to estimate material parameters of the GTN model based on the 

plastic damage of steel [22]. Spitzig et al investigated relation of porosity density and growth of voids 

during compaction of iron to provide a more general form of the Gurson model [23]. 

In this research, the GTN model was used to relate mechanical properties of fully solid to porous 

Titanium. To this end, two non-linear problems were solved using Newton-Raphson method. Some 

Titanium samples with different porosity were considered as test samples. Different values of GTN model 

parameters were adopted to achieve appropriate correlation with experimental data. Porosity reduction 

during compaction was investigated by numerical solution to satisfy change of material density during 

compaction.         

  

2. GURSON Model and Plasticity Theory 

Many yield functions for porous materials have been suggested in recent years. The Gurson model has 

been widely used to predict the plastic deformation of porous materials. Here, the modified Gurson model 

was considered for the yielding of the porous Titanium as [18]: 
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where,   is the effective stress, M  the flow stress of dense Titanium matrix and f the volume fraction 

of porosity such that 10  f . It is worth mentioning that in the special case of fully solid sample 
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( 0f ), Eq. 1 is reduced to the well-known von Mises yield criterion. The coefficients 1q , 2q , and 3q  

have been determined by Tvergaard and Needleman  to achieve better correlation with experimental 

studies such that  5.11 q , 0.12 q  and 
2

13 qq   [19, 20].  

The general shape of yield equation for porous materials can be written as: 

 ),,( f   (2) 

Here, the parameter   represents the hardening parameter (isotropic or kinematic hardening). In this 

paper, only the isotropic hardening is considered and thereby   is a scalar value parameter. 

In comparison with Eq. 1 and because  shows the evolution of yield surface, it can be written: 

)(0  KMM   (3) 

where, 0M  is considered as the initial flow stress of metal matrix and )(K  represents the hardening 

behavior. The current yield strength can be calculated from the previous yield strength as [24]: 

11 )()(   nnMnM K  (4) 

The non-linear hardening that was considered in this research has been presented in Fig. 1. For 

modeling of non-linear hardening 30 points of Fig. 1 were extracted and the slope between each of two 

points was calculated. The hardening between each of two points was considered to be linear leads to 

totally non-linear hardening model.  

Assuming associated flow rule leads to the evolution of the increment of plastic strain as follow: 
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ijd  represents the increment of plastic strain of porous body and   denotes the consistency 

parameter. Total plastic strain can be stated as: 
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Fig. 1. Stress-Strain curve of fully solid Titanium in compression [14]. 
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Due to the presence of porosity it is necessary to determine the relation of total observed plastic 

deformation and plastic strain of metal matrix. Plastic strain of the matrix 
p

Md  is assumed to vary 

according to equivalent plastic work as [18]:   

  p

ijij

p

MM ddf  1  (7) 

Evolution of porosity is another important parameter during of loading. The porosity evolutions can 

be taken into account in three main phases including nucleation, growth and coalescence [17, 22]. For 

simplicity, in this paper just growth of porosity is assumed as [18]: 
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Total porosity fraction can be obtained as:  

11 )(   nnn dfff  (9) 

So, according to Eq. 9 the porosity during deformation is changed. Regarding above brief discussion on 

the GTN formulation, in the next section the mechanical properties of porous Titanium are presented. 

  

3. Porous Titanium Mechanical Properties 

To simulate the deformation of porous materials, six Titanium samples with different percentage of 

porosity were compressed. The elastic modulus of porous samples were calculated by means of power law 

relationship as [9, 11]: 
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where, 0E  is the Young modulus of fully solid material and cf  is the porosity at which the effective 

Young modulus ( E ) becomes zero. As it has been stated by Nakajima, the cf  can be considered as 

1cf  [11]. The percentage of porosity, appropriate values of n  in Eq. 12, and calculated effective 

Young modulus for different samples were presented in Table 1. First sample was assumed to be fully 

solid (0% porosity) and the second and last samples were chosen for comparison with Singh et al research 

[14]. Remaining samples were chosen for comparison with Imwinkelried research where it was assumed 

the non-porous material properties are as the first raw of Table 1 [13]. 

The initial yield strength of the fully solid Titanium was assumed as 650 MPa [13]. The stress-strain 

curve of fully solid Titanium during compression was shown in Fig.1. This curve was used to evaluate the 

behavior of metal matrix during plastic deformation. The stress-strain curves of different porous Titanium 

samples during compression can be seen in Fig. 2 [13, 14]. Relation of Figs. 1 and 2 can be recognized 

using FE method.  

Table 1. Young modulus and fitting parameter of different porous Titanium samples. 

sample Porosity (%) E  (GPa) n  
Poisson 

Coefficient (  ) 

1 0 112.3 - 0.317 

2 50.6 8.0 3.74 0.307 

3 57.7 5.5 3.5 

0.317 4 59.9 5.0 3.4 

5 62.5 4.0 3.4 

6 63.9 2.0 3.95 0.365 
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(a) 

 
(b) 

Fig. 2. Stress-strain curves for Titanium with different levels of porosity during compaction:  

(a) Imwinkelried [13] and (b) R. Singh et al [14]. 

       

4. FEM Procedure 

A 1616  sample for FEM simulation was considered. Here, due to symmetry only 88  of 

sample was meshed with 225 quadrilateral elements. This assumption leads to reduction of computational 

time in addition to increase of numerical stability due to avoiding rigid body motion. Fig. 3 shows the 

geometry and boundary conditions for the compression test. Three sets of boundaries were considered as 

follow. The top boundary was constrained in the X direction and applied prescribed displacement equal to 

1.5 mm in the negative Y direction for porous samples and 1 mm for fully solid one. Left face was 

considered to be constrained in the X direction and bottom face was constrained in the Y direction as a 

result of symmetry. It should be noted in the contour plots, the full sample is presented by mirroring with 

respect to X and Y axes. Because of mesh distortion in top-right corner of body in the Lagrangian mesh, 

region A and B have been chosen for calculation of maximum and minimum stress and strains. The 

material and geometrical non-linearity were considered for the FE simulation of compaction in a written 

code [24, 25].  

 
Fig. 3. Geometry and boundary condition of samples in FE simulation. 

 

5. Results and Discussion 

The main goal of this paper is to use the mechanical properties of fully solid material to predict the plastic 

behavior of porous samples. The predicted stress-strain curves of fully solid sample (sample 1) and its 

comparison with experimental one were shown in Fig. 5a. The stress-strain curve of sample 2 were shown 
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in Fig. 5b. Comparing of Figs. 5a and 5b reveals reduction of yield strength from 650 MPa to 120 MPa 

due to porosity, which is resulted from the effect of porosity in yield criterion (Eq. 1).  

       
(a)                                                                          (b)        

 
(c)    

Fig. 5. Experimental [14] and numerical stress-strain curves of of comnpression:  (a) sample 1  (0% porosity), (b) 

sample 2 (50.6% porosity), and (c) sample 6  (63.9% porosity).  

As the initial yield strength of samples can be affected by many physical sources, the effect of them can be 

taken into account by adjusting parameters 1q , 2q , and 3q  in GTN model. Fitting of FE stress-strain 

curves to experimental curves by changing the value of 1q  and therefore, 
2

13 qq   is considered here. 

Changes of these parameters from what reporting by Tvergaard and Needleman [19, 20] was leaded to 

appropriate fitness of FE results to experimental data. The best fit of FE curves to experimental results was 

occurred by choosing 45.11 q  for sample 2 as shown in Fig. 5b. Different simulated curves due to the 

change of 1q  for sample 3 (57.7% porosity) can be observed in Fig. 6a. As it can be observed, the best 

choice for this parameter in GTN model of sample 3 is 38.11 q . The best fit to experimental curves for 

samples 4-6 was also, reached by choosing 38.11 q  as shown in Figs. 6b, 6c and 5c respectively. It is 

worth to mention that linear like plastic behavior of FE curves was resulted from the assumption of 

porosity evolution according to Eq. (10) [18].  
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(a)                                                                                    (b) 

 
(c)  

Fig. 6. Experimental [13] and different numerical stress-strain curves in compression of: (a) sample 3 (57.7% 

porosity), (b) sample 4  (59.9% porosity), (c) sample 5  (62.5% porosity). 

Because of the dependency of yield criterion to trace of stress tensor, it can be concluded that the 

volume constancy cannot be satisfied in porous materials. This result is completely in agreement to the 

change of porosity and bulk  compaction during deformation.  

Investigation of stain, stress, and porosity distribution in deformed specimens leads to better insight 

for engineers in design. Regarding this, the stress and strain distribution in the deformed geometry can be 

observed in Figs.7 and 8 for different samples.    

Comparing of Figs. 7a and b demonstrates that although the axial displacement of sample 1 is less 

than the porous samples (2 mm for sample 1 and 3 mm for porous samples), the lateral expansion of fully 

solid sample is equal to porous samples (1.8 mm in mid plane). This means more relative lateral expansion 

of fully solid sample. Furthermore, assessment of Figs. 7a and b indicates less maximum strain in fully 

solid sample due to less axial displacement. 

The strain level in the corners of samples is local and not reliable due to mesh distortion. As 

mentioned before, the region A has been chosen near to the corners to investigate the maximum strain and 

stress values (Fig. 3). Reduction of maximum strain in region A due to increase of porosity can be seen in 

different parts of Fig. 7. This means that despite the same reduction of height of porous samples, the strain 

in different samples cannot be equal. This is because of the role of porosity in stress and strain distribution 

during compaction. Stress contours of different samples during compression were shown in Fig. 8. 
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(a)                                                                          (b) 

 

(c)                                                                          (d) 

 

(e)                                                                          (f) 

Fig. 7. Contour of effective strain of: (a) Sample 1, (b) Sample 2, (c) Sample 3, (d) Sample 4, (e) Sample 5,  

and (f) Sample 6. 
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(a)                                                                      (b) 

 

(c)                                                                      (d) 

 

(e)                                                                      (f) 

Fig. 8. Contour of effective stress of: (a) Sample 1, (b) Sample 2, (c) Sample 3, (d) Sample 4, (e) Sample 5,  

(f) Sample 6. 
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For sample 2 with 50.6% porosity (Fig. 8b) the maximum stress in region A has been reached about 500 

MPa. In comparison with maximum stress of fully solid sample (1.5 GPa), an intensive drop in stress level 

can be observed. Also, the stress distribution in sample 2 is different from fully solid sample which is 

resulted of using different yield criteria. This means that presence of porosity has a critical role in stress 

levels and distributions of porous samples and in the stress analysis of these samples a suitable yield 

function should be considered. Comparing of stress contours of porous samples in Fig. 8 specified that the 

increase of porosity leads to the decreas of stress in samples as the increase of porosity affects the 

contribution of matrix plastic deformation. Inspection of stress distribution of samples in Fig. 8 indicates 

that the shear banding also affected by the porosity contribution. It is worth to mention, the porosity 

contribution was considered via the GTN model, and it indicates the neccessity of selection of suitable 

yield function.   

The porosity volume fraction distribution of different samples can be seen in Fig. 9. The maximum 

and minimum porosity of samples in these figures are occurred in regions A and B, respectively.  

 
(a)  

 
(b)  

 

 

(c)  

 

(d)  

Fig. 9. Contour of porosity of: (a) Sample 2, (b) Sample 3, (c) Sample 4, (d) Sample 5, and (e) Sample 6. 
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Figure 9 continued. 

 
(e)  

 

6. Conclusion 

In this paper, porous Titanium was investigated as a useful material in biomedical usages like human 

skeleton. It was considered here that in the FEM simulations of porous Titanium, the porosity can be 

considered as an internal variable in the yield function. To achieve well fitness to experimental data, 

adjusting parameters which simulate the effects of physical sources on the stress-strain curves of porous 

Titanium were considered as the coefficients of modified Gurson model which were different from what 

reported by Tvergaard and Needleman. Results showed that choosing of 45.11 q for porous Titanium 

with initial porosity of 50.6 % and 38.11 q  for other samples with porosity up to 63.9% can completely 

fit the numerical results to experimental data.  

It was shown that the increase of yield stress in stress-strain curves was resulted from both matrix 

hardening and evolution of porosity during compaction. This result showed constant value of porosity 

cannot be real assumption due to evolution of porosity. This was proved by the fact that during 

compression test the porous materials are more aggregated. It was shown that the volume constancy is not 

satisfied due to the role of trace of stress tensor in the yield criterion and also, evolution of porosity. 

Moreover, the presence of porosity changed stress distribution and this may affect the shear banding. 
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 سازی رفتار تغییرشکل تیتانیوم هتخلخل با استفاده از تابع تسلین گارسوى اصالح شذهشبیه

 

  احساى اًصاری بصیر، کیَاى ًارٍیی

 داًشکذُ هٌْذسی ٍ علن هَاد، داًشگاُ صٌعتی خَاجِ ًصیرالذیي طَسی، تْراى، ایراى.

 
 

یک هادُ هَرد استفادُ در پسشکی با استفادُ از خَاص کرًش تیتاًیَم هتخلخل بِ عٌَاى -در ایي هقالِ هٌحٌی تٌشچکیذه: 

بیٌی رفتار پالستیک تیتاًیَم هتخلخل در فرایٌذ بیٌی شذ. از هعیار اصالح شذُ گارسَى برای پیشهکاًیکی تیتاًیَم هتراکن پیش

خلخل اٍلیِ استفادُ شذ. فشردُ سازی استفادُ شذ. هقادیر هختلف پاراهترّای هعیار گارسَى اصالح شذُ برای هقادیر هتفاٍت ت

هشاّذُ شذ فرض حجن ثابت در حیي تغییر شکل پالستیک در هحیط هتخلخل بِ علت ٍجَد تخلخل ٍ سْن تٌش ّیذرٍستاتیکی 

سازی دقیق هَرد ًیاز تَاًذ برآٍردُ شَد. هشاّذُ شذ هحاسبِ تغییرات تخلخل در حیي تغیر شکل برای هذلدر هعیار تسلین ًوی

جایی هحَری یکساى بیشتر بَد. تَزیع هتراکن در یک جابِ ّای هتخلخل ًسبت بِ ًوًَِاًبساط جاًبی ًوًَِ باشذ. ّوچٌیيهی

گردد. ارزیابی بیٌی هتفاٍت باًذّای برشی هیّای هتراکن بَد کِ ایي هسالِ سبب پیشّای هتخلخل هتفاٍت با ًوًَِتٌش در ًوًَِ

 تغییرات کسر تخلل در حیي تغییر شکل هٌجر بِ رفتار شبِ خطی در هٌطقِ تغییر شکل پالستیک گردیذ.   
 

 هذل گارسَى اصالح شذُ، تیتاًیَم هتخلخل، اجسا هحذٍد، تغییر شکل پالستیک، فشردُ سازی.کلوات کلیذی: 

 


