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Abstract: Vortex extrusion (VE) is a severe plastic deformation technique which is based on the
synergies between high strain accumulation and high hydrostatic pressure. Such a high amount of
pressure places a mandate to seek the method for investigation of the load under processing
conditions. For this, kinematically admissible velocity field and upper bound terms based on Bezier
formulation are developed in order to investigate relative pressure in the VE process. Effects of
reduction in area, relative length, twist angle, and friction factor in power dissipation terms are
systematically analyzed. It is demonstrated that the increase in twist angle, area reduction and
friction factor in the VE process increases the relative pressure, which the rates of these increase
vary with twist angle. Moreover, the effect of the relative length is different in various frictional
conditions. Results of conventional extrusion (CE) are in good agreement with those found by
Awvitzur for the effect of slug length and friction factor on the relative extrusion stress.
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1. Introduction
Severe plastic deformation (SPD) is an efficient intense-straining method to produce bulk ultrafine grained
(UFG)/nanostructured metallic materials [1-4]. Among various SPD techniques, processes that can impose
a high amount of strain during one operation pass are more beneficial for productivity and microstructural
evolutions.

In this regard, vortex extrusion (VE) [5-7] has been developed based on the synergies between high
strain accumulation and high hydrostatic pressure, which are responsible for an effective grain refinement
[8]. Such a high amount of pressure, which is more than the yield strength of materials, places a mandate to
seek the method for investigation of the load under processing conditions and then of optimum die design
for newly developed SPD processes. However, details of the VE process were not understood yet.

Recently, numerous research works have been performed to develop and analyze the torsion-based
plastic deformation behaviors in SPD techniques, such as VE [5-7], twist extrusion (TE) [9, 10], and off-
axis TE [11], by using numerical schemes, e.g. finite element method (FEM). In particular, the upper-bound
theorem [12] has been used in order to predict processing loads for several SPD techniques, such as TE [13]
and axisymmetric forward spiral extrusion [14]. Hoysan and Steif used a streamline-based method for
analyzing steady state metal forming processes (e.g. extrusion and rolling) [15]. Materials with complicated,
history-dependent, constitutive laws and a variety of metal/die interface conditions were considered in their
analyses [15]. Chitkara and Celik analyzed the three-dimensional off-centric extrusion process of shaped
sections from arbitrarily shaped billets through linearly converging and smooth curved dies using
generalized CAD/CAM solutions [16]., In their study, a special velocity function was incorporated into the
derived velocity fields to obtain a more realistic non-uniform metal flow and work hardening effect of the
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material was considered [16]. Predictions of the deforming grid pattern, curvature of the extruded product
as well as upper-bound to the extrusion pressures for a given reduction in area, material property, friction
condition and off-centric positioning of the exit cross-section were considered as results of their study [16].

A generalized method based on the streamline approach was developed for the three-dimensional
extrusion process of arbitrarily shaped sections through straightly converging dies [17]. In their study, for
each case, a system of generalised kinematically admissible velocity fields are given to minimize the
estimate of extrusion load [17]. Ponalagusamy et al. used a Bezier curve approach to design and develop
the streamlined extrusion dies [18]. Narooei and Karimi Taheri developed a new three dimensional
kinematically admissible velocity field using a Bezier formulation for the prediction of the strain field and
extrusion pressure in the equal channel angular pressing (ECAP) processes of circular cross sections [19].

Beygelzimer et al. used the constructed kinematically admissible velocity field to qualitatively analysis
of the metal flow mechanics in TE [20] and used a theoretical model of velocity field to investigate it
experimentally [21].

In this study, relative pressure in the VE process was analyzed based on the Bezier formulation. The
developed Bezier curve was used to obtain the kinematically admissible velocity field and then the power
dissipation terms were calculated using the upper bound theorem. In particular, effects of reductions in area,
relative length, twist angle, and friction factor on power dissipation terms and relative pressure were
investigated.

2. Analysis method

VE die is schematically illustrated in Fig. 1. In VE die design (details are available elsewhere [5]), some
dents are considered which force the materials to follow a vortex-like flow to form the die profile.

e

(a)

Fig. 1. Schematic illustration of (a) VE die design and (b) dent in main deformation zone of VE die.

In order to propose a general formulation for material flow in the VE die, cubic parametric Bezier curve
with the control points of ro, r1, 2, and rs is considered as follows [6]:

¥ =v(@®) =711 —t)* + 73t(1 — t)* + 73t (1 — t) + 715t3 oy

where ¥ is the vector equation of the streamline, and 7y, 77, 75, and 75 are the position vectors of four control
points.
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Fig. 2. Schematic of the material flow in the VE process.

As shown in Fig. 2, the position vector of point ro creates the radius r and angle 6 with respect to the y axis
in the entry circular section. The position vector of point rs creates the radius 5 and angle 6 + ¢ with respect
to the y’ axis in the exit circular section (Note: ¢ is the predetermined twist angle of the VE die). For the
two remaining points of streamline, r; and r, at positions ¢;L and c,L inside the deformation zone, it is
assumed that materials undergo a twist amount of ¢, and c,¢, respectively (¢, and c, are constants that
vary between 0 and 1, and ¢, > ¢,). Furthermore, it is assumed that the lateral surface of VE die forms a
cone (Fig. 2).
Hence, the position vectors can be given as follows [6]:

7o =rsinfi+rcosfj

7 =1 sin(d + c;0) T+ 1 cos(8 + c;9) ] + ¢, Lk

7 =r)sin(0 + c,0) T+ 14 cos(8 + c,9) j + ¢, Lk

72 =15sin(0 + @) T+ 14 cos(0 + @) ] + Lk 2
where 7, j, and k are unit vectors in the x, y, and z directions, respectively. Considering R and Ry as the input
and output radius of VE die, respectively, the values of r{,r;, and r; can be written as follows [6]:

/ R
= (1 - Cl')T' + Ci o’ Rf (3)

In order to accommodate all points in the deformation zone, some parameters, such as u, g, and t, are
introduced, which vary between 0 and 1 and follow from the following equation [6]:

0 =q2m), r =uRy, z =tL (4)
Equations (1)-(4) result the equation (5) [6]:

y(®) = f(u,q, 0T+ g(u,q, )] + h(u,q, Dk 5)
where

X = f(u,q,t) = uRy(1 — t)3sin 2mq + 3r{t(1 — t)? sin(2mq + c ) + 3r3t2(1 — t) sin(2mq + c,) +
r4 t3sin(2mq + @),

Y =g(u,q,t) = uRy(1 —t)3cos 2mq + 3r{t(1 — t)% cos(2mq + c,¢) + 3ryt2(1 — t) cos(2mq +
c,) + r3t3 cos(2mq + @),

Z=h(u,q,t) =3t(1 —t)%c,L + 3t2(1 — t)c,L + t3L (6)
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Using Egs. (3)-(6), the positions of all points inside the deformation zone and the relationship between the
coordinates r, 8, and z in the Cartesian coordinate system can be described.

In the following section, the kinematically admissible velocity field and then the upper bound terms
will be developed using Egs. (3)-(6).

2.1. Kinematically admissible velocity field and strain rate components

Considering that a velocity vector at any given point along a streamline is always tangent to it and the
plastically deforming zone is bounded by the entry and exit planes, the velocity components for the
incompressible materials in the X, y, and z directions can be expressed as follows [16]:

MX,
Vx =
Z(XuY, — X V) + Z, (X, Yy, — XY + Zy (XY, — X, Yy)
MY,
[/3/ S
Zo(XuY, — XoYy) + Zy (X, Yy, — XY + Zy, (X, Ye — X Yy)

MZ;
Vz =
Ze(XuYq—XqYu)+Zq(XeYu—Xu YO +Zy (XqYe—XeYq)

(")

where M is a constant of integration and is obtained by considering the boundary condition (V, |t:O =V,)
as:

M = Vo|(X,Y, — quu)|t=0 (8)

where V, represents the ram velocity.

The general relation for strain rate components in terms of the velocity field, for Cartesian systems, can be
written as [16]:

. _1fov; aV]’

&ij =3 (axj + aX; ©)
where,

Wi _yn (OVid%

ax, <J=t (au]- 8Xy (10)

2.2. Upper bound solution
The total power consumption j* during the VE process through the die, sum of the internal power of
deformation (W,,,), shear power (W, at the entry and Wi, at exit), and friction power (W), are computed
via a kinematically admissible strain rate field that is derived from a kinematically admissible velocity field.
Considering von-Mises materials, the terms related to j* can be expressed as follows [16];

Internal power of deformation:

. _ 2
Wine = Umf 3 ijéi AV
v oA

20, (F (7 (F 1
= —\/%”f f f JE (6xx” + &)y° +6,,°) + (60y° + &0,° + £),%) |det]|0udqat
0 J0 YO

(11)

where &, represents the mean effective stress of the work hardening materials, which is replaced by the
yield stress of the non-work hardening materials.

Power loss due to the velocity discontinuities in the material flow at entry:
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|det]|;=o0udq (12)

. [+ q ru
Ws, =l lo JW +W|

Power loss due to the velocity discontinuities in the material flow at exit:

Ws, =2 [ fy (V2 +V?|  ldet]li=10udq (13)

t=1

Power loss due to friction at the die-material interface:

m

oo 10 i 7| seey |12
u=1

@a.0) |u=1

Wf=

dqot (14)

The angle y, in Eqg. (14) is the angle of inclination of the element of the die surface with respect to the
projected surface of the element on the XZ plane [16]. Through considering Egs. (11)-(14), the total power
consumption can be obtained as follows:

I = Wipe + Ws, + W, + W, (15)

Now, once the total power consumption, J*, is obtained from Eq. (15), the upper limit to the average
pressure, Payg and relative pressure, Py for the vortex extrusion are given by;

__I
Pavg - m (16)
and
P,
Prer = ;_:f (17)

Proposed streamline is used as an input to mathematical modeling to obtain the kinematically admissible
velocity field. The power dissipation terms and then the relative pressure are calculated for the processing
parameters listed in Table 1. For all the analyses, V, = 1 mm/sec is assumed. All calculations were
considered for the main deformation zone. The procedure used to solve integrals (11)-(14) is illustrated in

Fig. 3.

Input variables (Ro. Ry, 6, 9, L, ¢y, ¢2)

!

X.Y.Z (Eq.(6)

}

Vi, Vi, V2 (Eq. (7))

!

oV, V) & = a(X,Y,2)
~a(r,6,1) ©a(r,6,1)

!

[¢,] =B =inv(])

!

Wine, , Ws, W5, &W;  (Egs.(11) — (14))

Fig. 3. Flowchart for solutions of integrals (11)-(14).
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Table 1. Numerical parameters used in the mathematical modeling.

c1 0.4

Cy 0.6

Reduction in Area (RA) 0,0.1,0.2,0.3,0.4, 0.5, 0.6,
0.7,0.8,0.9

Relative Length (RL=L/Ry) 0.84,1,1.263,1.5

Constant Friction Factor (m) 0,0.1,0.25

Twist Angle (¢) 0 (CE), 30, 60, 90

3. Results and discussion
Figure 4 shows the components of the total power consumption (Eq. (15)) vs. twist angle and reduction in
area (RA) for relative length (RL=L/Ro) of 0.84. In the proposed model, material paths for conventional
extrusion (¢ = 0) and VE (¢ =+ 0) are for the conic and streamline, respectively. Increasing in the RA, in the
constant RL, reduces the inclination of streamline in the predetermined twist angle. Therefore, based on Eqg.
(9), this will cause a decrease in all the right hand side terms of Eq. (15). These trends will be more
perceptible for higher values of twist angle. On the other hand, with increasing in the RA (in constant RL
and twist angle), the deformation, velocity discontinuity, and die-materials contact length will increase.
Hence, the effect of the increased RA will be different for different values of ¢, as follows;
- For ¢ = 0 (conventional extrusion); with increasing in the RA, all of the terms in the right hand side of
Eq. (15) will increase as can be seen in Figs. 4a, b, and c.
- For ¢ # 0 (vortex extrusion); a decrease in streamline inclination due to an increase in RA will decrease
the rate of increase in deformation power, which is more perceptible in higher values of twist angles, as can
be seen in Fig. 4a. With increasing the twist angle, the decrease in the inclination of material path and hence
decrease in power losses due to the velocity discontinuities in the material flow at entry and exit will
dominate (Fig. 4b). Moreover, the decrease in inclination of material path will decrease the rate of the
increase in power losses due to friction at the die-material interface (Fig. 4c).

Increasing the twist angle in the constant RA and RL will increase the deformation, velocity
discontinuity, and die-material contact length, which will result in an increase in the internal power of
deformation, shear power, and friction power (Fig. 4). The similar trend was seen for other RL listed in
Table 1.

Figure 5 presents the components of total power consumptions (Eqg. (15)) vs. twist angle and RL for RA
= 0.6. In the constant RA, increasing in the RL will decrease the inclination of material path and so decrease
the internal power (Fig. 5a). This decrease is more perceptible for higher values of twist angle. Figure 5b
exhibits that the power losses due to a velocity discontinuity in the material flow at entry and exit are
independent of RL. This is similar to the results reported in other research work [18]. Increasing in the RL
will increase the die-material contact length, which will cause an increase in power loss due to friction in
the die-material interface. However, the rate of this increase decreases with increasing in the twist angle.
That is, for ¢ # 0, an increase in the RL will decrease the inclination of materials path and so decrease in
friction power losses (Egs. (7) and (14)). A similar trend was seen for other RA listed in Table 1.

Based on the obtained results for power terms and using Eq. (17), the effects of RA, twist angle, RL,
and friction factor (m) on relative pressure are presented in Figs. 6 and 7. Figure 6 shows the relative pressure
(Pre) vs. twist angle and RA for RL = 0.84 and different values of friction factor (m). Increasing in the RA
increases the relative pressure; however, the rate of this increase will decrease with increasing the twist
angle. Moreover, for constant values of RA, RL, and friction factor, increasing in the twist angle increases
the relative pressure. Increasing in the friction factor (m) increases the relative pressure (Fig. 6b).
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Fig. 4. Power losses due to (a) internal deformation, (b) velocity discontinuity surfaces at entry
and exit, and (c) friction at the die-materials interface for RL = 0.84.
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Fig. 5. Power losses due to (a) internal deformation, (b) velocity discontinuity surfaces at entry
and exit, and (c) friction at the die-material interface for RA = 0.6 (Ro= 9.5 mm).
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Fig. 6. Relative pressure (Pre) vs. twist angle and RA for
RL =0.84 and (a) m = 0, and (b) m = 0.25.
The effects of RL and twist angle on the relative pressure are represented in Fig. 7 for RA = 0.6 and different
values of friction factor. For the frictionless condition (m = 0, Fig. 7a), the only term affected by the RL in
the right hand side of Eq. (15) is the internal power. This would be affected by RL, which affects the relative
pressure in a way that an increase in the RL will decrease the relative pressure. This is similar to the results
represented in Fig. 5 that with an increase in the friction factor (Fig. 7b), the effect of power losses due to
friction will dominate in conventional extrusion (¢ = 0) and then the relative pressure will increase with an
increase in the RL. In the case of conventional extrusion (CE), the obtained results from present study (Fig.
8) are in a good agreement with those found in a study done by Avitzur [12] in order to check the effect of
slug length and friction factor on the relative extrusion stress. However, in vortex extrusion (¢ # 0), the
internal power will dominate on friction power in a way that with an increase in the RL, the relative pressure
will decrease.

Fig. 7. Relative extrusion pressure (Prei) Vs . twist angle and relative length
for RA=0.6 (Ro=9.5mm) and (a) m=0, and (b) m=0.25.
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Fig. 8. Comparison of Py obtained from Avitzur’s analysis and streamline approach
for CE with RL=0.84, m=0.25 and different values of the RA.

4. Conclusion

In the present study, the Bezier formulation was used to study the effect of reduction in area, relative length,
twist angle, and friction factor on the load of the process in vortex extrusion. It was observed that with
increasing the reduction in area, relative pressure increases. This trend in vortex extrusion occurs at a lower
rate than in conventional extrusion. Friction factor increases the relative pressure for all the processing
conditions. Increasing the twist angle increases the relative pressure. For frictionless condition, increasing
the relative length decreases the relative pressure in all twist angles (¢ = 0 and ¢ # 0) however, in frictional
conditions (m # 0); for ¢ = 0 increasing the relative length increases the relative pressure and for ¢ # 0
relative pressure decreases with increasing the relative length.
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